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We study the quantum phase transition of U(1) - charged Dirac fermions Yukawa-coupled to
the Kekule´ valence bond solid order parameter with Z3 symmetry of the honeycomb lattice. The
symmetry allows for the presence of the term in the action which is cubic in the Kekule´ order
parameter, and which is expected to prevent the quantum phase transition in question from being
continuous. The Gross-Neveu-Yukawa theory for the transition is investigated using a perturbative
renormalization group and within the  expansion close to four space-time dimensions. For a van-
ishing U(1) charge we show that quantum fluctuations may render the phase transition continuous
only sufficiently far away from 3+1 dimensions, where the validity of the conclusions based on the
leading order  expansion appear questionable. In the presence of a fluctuating gauge field, on
the other hand, we find quantum critical behavior even at weak coupling to appear close to 3+1
dimensions, that is, within the domain of validity of the perturbation theory. We also determine the
renormalization group scaling of the cubic coupling at higher-loop orders and for a large number of
Dirac fermions for vanishing charge.
I. INTRODUCTION
The research on Dirac materials1,2 encompasses many
areas of physics, ranging from a fundamental theory
with ties to particle physics, to concrete sought-after
technological applications in materials science. From
a theoretical point of view, interacting Dirac systems
are particularly appealing as a playground for develop-
ment of novel and applications of known quantum-field-
theoretical tools, providing an opportunity for their test-
ing against numerical and experimental results.
Graphene3–5, in particular, at charge-neutrality serves
as a prime example of a class of materials where Dirac
nature of the low-energy excitations emerges naturally
from the underlying honeycomb lattice structure, and is
further protected by its symmetries. The presence of
sufficiently strong interactions can lead to spontaneous
symmetry breaking signaled by the appearance of an
ordered ground state. There is a wide variety of pos-
sible ordering patterns determined by small variations
of the short-ranged interaction parameters, which have
been analyzed by different theoretical approaches, rang-
ing from mean-field calculations to the renormalization
group and numerical simulations6–20. A large repul-
sive onsite interaction U , for example, exhibits a con-
tinuous quantum phase transition from the semimetallic
(SM) phase into an antiferromagnetic spin-density-wave
(SDW) state, whereas a nearest-neighbor interaction V1
would induce a conventional charge-density wave (CDW)
state. While there is an ongoing debate on whether a
pure second-nearest-neighbor interaction V2 can induce a
topological Mott insulating state10,21 or whether it favors
a sublattice charge-modulated state22–25, it is believed
that the interplay between balanced V1 and V2 gives rise
to yet another ordered ground state – the Kekule´ valence
bond solid (VBS)26–29. Alternatively, this ordering can
also emerge from electron-phonon interactions30–32. The
translation symmetry breaking Kekule´ VBS corresponds
to a particular dimerization pattern of the fermions on
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FIG. 1: Left panel: An example of the Kekule´ dimerization
pattern. Shorter bonds are marked by thicker red lines and
longer bonds by the thinner gray lines. Right panel: LG free
energy across the phase transition, where the dotted (dashed)
line corresponds to the disordered (ordered) phase, with r >
rc (r < rc).
the honeycomb lattice with a bond-dependent nearest-
neighbor hopping amplitude (see Fig. 1), and has recently
been accessed even experimentally33.
The Kekule´ ordering pattern can be described by a
Z3 symmetric order parameter that describes breaking of
the lattice translational symmetry and the C3 rotational
symmetry34. Due to Z3 symmetry the cubic terms in the
order parameter in the Landau-Ginzburg (LG) free en-
ergy are allowed, which generically prevent a phase tran-
sition toward the ordered state from being continuous35.
The LG free energy FLG takes the form
FLG[φ] = F0 + r |φ|2 + g(φ3 + φ∗3) + λ|φ|4 , (1)
where φ represents the complex-valued order parameter
of the VBS, FLG is symmetric under the field transfor-
mation φ → exp(2pii n/3)φ, n ∈ Z and the parameter r
is used to tune through the phase transition by crossing
a critical value r = rc. In the case when the cubic cou-
pling g vanishes, the LG theory suggests that the phase
transition is of second order, since at φ = φ0 6= 0 a
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2non-vanishing minimum of the LG free energy emerges
continuously from the origin at φ = 0. For a finite g,
on the other hand, the minimum of FLG jumps discon-
tinuously from φ = 0 to a φ0 6= 0 as r goes through
its critical value rc > 0, i.e. a first-order transition is
expected (see Fig. 1). This simple consideration is not
sufficient, however, to describe the Kekule´ phase transi-
tion when massless fermions are present and coupled to
the Z3 order parameter.
We study the quantum phase transition of massless
Dirac fermions toward the Kekule´ VBS within the appro-
priate Gross-Neveu-Yukawa theory, and in D = 3 + 1− 
dimensions. We find that the presence of (neutral) Dirac
fermions tends to reduce the first-order character of the
phase transition34, and that closer to D = 2 + 1 di-
mensions the phase transition may even be rendered
continuous36. However, the values of parameter  where
this happens are not small, and this possibility seems be-
yond the realm of control of the  expansion. Sizable cor-
rections which may even overturn the conclusion based
on the lowest order calculation can generally be expected
beyond the one-loop order. Adding a U(1) gauge field
that would couple exclusively to fermions, as the Kekule´
order parameter is electrically neutral, on the other hand,
significantly further reduces the discontinuous nature of
the transition, and we find that in its presence the tran-
sition may become continuous even at small values of .
The resulting quantum critical behavior in this case is
discussed in some detail. We also present an argument
that in the limit of a large number of fermion species the
phase transition becomes continuous only for  > 1, even
if higher-loop terms are included.
The paper is organized as follows: In Sec. II, we intro-
duce a continuum model for Dirac fermions coupled to
a U(1) gauge field. We also discuss the parametrization
of the Kekule´ order parameter and its coupling to the
fermionic sector. In Sec. III, the renormalization group
equations for the full model are presented and their fixed-
point solutions are studied in Sec. IV. Conclusions are
drawn in Sec. V.
II. MODEL
The motion of non-interacting fermions on the honey-
comb lattice can be most simply described in terms of a
tight-binding Hamiltonian
H0 = −t
∑
~R,i
[
u†(~R)v(~R+ ~δi) + h.c.
]
, (2)
with nearest-neighbor hopping amplitude t. Here, u and
v are the electron annihilation operators at the two trian-
gular sublattices of the lattice and the sum runs over the
sites ~R of the first triangular sublattice with position vec-
tors ~RT1 = a
(√
3/2,−1/2) and ~RT2 = a (0, 1). The lattice
spacing a is set to a = 1 and the three nearest-neighbor
vectors ~δi, located on the second sublattice, explicitly
read ~δT1 =
(
1/(2
√
3), 1/2
)
, ~δT2 =
(
1/(2
√
3),−1/2) and
~δT3 =
(−1/√3, 0). Diagonalization of the free Hamil-
tonian H0 provides a spectrum with two energy bands
and band dispersion ~k = ±|
∑3
i=1 exp(
~k · ~δi)|. At the
corners of the Brillouin zone, given by the two points
~KT = (2pi/
√
3, 2pi/3) and ~K ′ = − ~K, the two energy
bands touch linearly and isotropically. Here, the energy
dispersion gives rise to two inequivalent Dirac points.
Retaining only the Fourier modes near the band
touching points a continuum low-energy effective theory
for H0 can be written down in terms of a free Dirac
Lagrangian37, Lψ,0 = ψ¯ γµ∂µψ, where ∂µ = (∂τ , ~∇)
and the γ matrices are defined in a four-dimensional
representation as γ0 = 1 ⊗ σz, γ1 = σz ⊗ σy, and
γ2 = 1 ⊗ σx in D = 2 + 1 dimensions. The σi are
the conventional Pauli matrices and the conjugate of
the Dirac field is given by ψ¯ = ψ†γ0. We consider the
Dirac field in Fourier space ψ(x) =
∫
dDqeiqxψ(q) and
express it in terms of Grassmann fields u, v by7 ψ†(q) =[
u†(K + q), v†(K + q), u†(−K + q), v†(−K + q)] with
momentum vectors q = (ω, ~q) gathering Matsubara fre-
quency ω and wavevector ~q. The reference frame is cho-
sen such that qx = ~q · ~K/| ~K| and qy = ( ~K×~q)× ~K/| ~K|2.
We define two more γ matrices which anticommute
with all γµ, reading γ3 = σx ⊗ σy and γ5 = σy ⊗ σy.
We define γ35 = −iγ3γ5, which commutes with all γµ
and anticommutes with γ3 and γ5. As a convenient
generalization of this model, we introduce an arbitrary
number of pairs of Dirac points ± ~Ki into the spectrum
with i = 1, ..., N and refer to N as the number of
fermion flavors of four-component spinors. We note
that the case of spin-1/2 fermions on the honeycomb
lattice with spin-rotation invariance as, e.g., relevant for
electrons in graphene, can be described by setting the
number of fermion flavors to N = 2 corresponding to an
eight-component spinor.
We also introduce a coupling of the fermions to an
electromagnetic U(1) gauge field Aµ. This is formally
done by minimal coupling, leading to the Lagrangian36
Lψ = ψ¯ γµ (∂µ − ieAµ)ψ , (3)
with the U(1) charge coupling e, which describes the in-
teraction of fermions with the electromagnetic field in
terms of a local quantum field theory.
The kinetic term of the gauge field reads
Lem = 1
4
FµνFµν , (4)
with Fµν = ∂µAν − ∂νAµ and we further add a gauge
fixing term to the Lagrangian Lgf = 12ξ (∂µAµ)2 with
gauge fixing parameter ξ. Here, ξ = 0 corresponds
to Landau gauge and ξ = 1 corresponds to Feynman
gauge. In the following, we will discuss two distinct
cases38–41: (1) The electromagnetic field propagates in
three-dimensional space, i.e. in 3+1 dimensions whereas
the propagation of the fermions is restricted to a lower
3dimension, e.g., D = 2 + 1. (2) The electromagnetic field
is defined such that it propagates in the same spacetime
dimensions as the fermions, i.e. D = d+ 1.
A. Kekule´ valence bond solid
The Kekule´ VBS corresponds to a particular dimer-
ization pattern of the fermions on the honeycomb lattice
that can be captured by adding a bond-dependent mod-
ification of the hopping strength26 to the simple tight-
binding Hamiltonian
∆H0 = −
∑
~R,i
[
∆t~R,iu
†(~R)v(~R+ ~δi) + h.c.
]
(5)
where ∆t~R,i = φ(
~R)ei
~K·~δiei( ~K− ~K
′)·~R/3 + c.c. and φ is a
complex-valued order parameter possessing Z3 symme-
try. This modified hopping introduces a chiral mixing
between the two Dirac points and gives rise to a phase
transition from a Dirac semimetal towards a Kekule´ VBS
with a single-particle mass gap. In terms of the low-
energy effective field theory, the coupling between the
fermions and the order parameter field reads27
Ly = y
(
φ1ψ¯ iγ3ψ + φ2ψ¯ iγ5ψ
)
, (6)
with φ = 1√
2
(φ1 + iφ2) and φ1, φ2 are real fields. The
dynamics of the bosonic order parameter is described by
the Lagrangian
Lφ = φ∗
(
∂2τ −∇2 +m2
)
φ+ g
(
φ3 + φ∗3
)
+ λ|φ|4 (7)
which due to Z3 symmetry allows the cubic term ∝ g.
We note that the Kekule´ order parameter is gauge neu-
tral, and therefore its Lagrangian is not modified by the
presence of the U(1) gauge field. This is in contrast to
a superconducting order parameter, which combines two
electrons into a Cooper pair and therefore comes with a
charge36,42 of 2e.
In sum, we study a U(1) gauge theory for N flavors
of Dirac fermions in D = d + 1 dimensions coupled to
a charge-neutral complex order parameter corresponding
to a Kekule´ distortion. The full Lagrangian L is com-
posed of a free fermionic part Lψ, a bosonic part Lφ, a
Yukawa interaction Ly, the Maxwell Lagrangian Lem and
the gauge fixing Lgf, i.e. the action is given by
S =
∫
dτd~xD−1 [Lψ + Lφ + Ly + Lem + Lgf] . (8)
III. RENORMALIZATION GROUP EQUATIONS
A continuous phase transition and the concomitant
(quantum) critical behavior is related to the presence of
an infrared attractive fixed point in the system’s renor-
malization group equations. At a RG fixed point the
system becomes scale invariant and the free energy ex-
hibits a scaling form giving rise to universal critical
exponents43. To approach the critical point of a phase
transition one parameter has to be tuned to its critical
value, e.g., the temperature T → Tc or, in the case of
a quantum critical point, the doping level or a coupling
strength. In the RG framework a tuning parameter cor-
responds to an RG relevant direction, which – unless pre-
cisely tuned – drives the system away from its fixed point.
Canonical power counting determines the RG rele-
vance of the parameters of a model close to its non-
interacting limit, i.e. near the Gaussian fixed point.
At an non-Gaussian fixed point, however, the canonical
power counting receives corrections from the interactions
which can affect the relevance of the RG directions. A
positive (negative) power counting dimension suggests a
relevant (irrelevant) parameter. Parameters with vanish-
ing power counting dimension are called marginal. For
instance the power counting dimension of the mass pa-
rameter in the Lagrangian Lφ is [m2] = 2, i.e. it is
strongly relevant and therefore needs to be fine-tuned
to approach the critical point. The power counting di-
mension of the quartic coupling λ is [λ] =  in D = 4− 
dimensions. It is only slightly positive and is turned nega-
tive at a non-Gaussian fixed point even if the interactions
are perturbatively small and therefore this coupling au-
tomatically approaches its fixed point value toward the
infrared. The same reasoning also holds for the Yukawa
coupling y and the electromagnetic coupling e. In most
condensed matter models of similar type, this exhausts
the available RG parameters leaving only the squared
mass as an RG relevant direction, i.e. a single tuning
parameter to approach the quantum critical point.
Here, however, the cubic order parameter terms intro-
duce another RG relevant direction with a large power-
counting dimension [g] = 1 + /2. In case only one tun-
ing parameter is available, no scaling behavior, as in-
duced by the vicinity to a RG fixed point, will be ob-
served. On the other hand, the quantum critical behav-
ior of low-dimensional Dirac fermions coupled to order
parameters is governed by non-trivial fixed points where
the canonical power counting is modified. When these
modifications are large enough, they can flip the sign of
the canonically relevant coupling g and therefore restore
the continuous transition. We investigate this scenario
and analyze its domain of applicability and control.
For the above action S and at zero temperature we cal-
culate the renormalization group (RG) equations in the
Wilsonian scheme by simultaneously integrating out the
fermionic as well as the bosonic modes within the narrow
momentum shell Λ/b < (ω2 +~q2) < Λ. At one-loop order
in D = 4 −  dimensions RG equations for the squared
cubic and the quartic bosonic couplings appearing in Lφ,
at m = 0 read
βg2 =
dg2
d ln b
= (2 + − 3Ny2 − 6λ− 27
2
g2)g2 , (9)
βλ = λ− 2Ny2(λ− y2)− 5λ2 − 162g4 + 63λg2 . (10)
4Here, we have rescaled the couplings g2 → g2/(4pi2Λ2+)
and λ → λ/(4pi2Λ). The one-loop β functions of the
purely bosonic couplings are independent of the charge e
as it does not directly couple to the neutral boson field.
The squared Yukawa coupling y2 flows as
βy2 =
dy2
d ln b
= y2 − (N + 1)y4 − 9
2
g2y2 + 6e2y2 , (11)
where we have rescaled y2 → y2/(4pi2Λ). Here, we ob-
tain contributions to the β function from the U(1) field
due to a non-trivial renormalization of the Yukawa ver-
tex, as reflected in the last term in Eq. (11).
Finally, we consider the β function of the charge pa-
rameter for the case of a gauge field propagating in 3 + 1
dimensions whereas fermions and complex bosons prop-
agate on a lower-dimensional brane with (3 − ) + 1 di-
mensions38–41. In this case, the bare gauge field prop-
agator of the effective (3 − ) + 1-dimensional theory is
obtained from “integrating out” the additional spatial
direction, which is most conveniently performed in Feyn-
man gauge which leaves the effective gauge parameter
invariant when going from 3+1 to (3− ) + 1 dimensions.
As a result one obtains a bare Maxwell term which is
non-analytic in momentum ∝ |q|2−, instead of the con-
ventional, analytic, q2 dependence39. Due to the result-
ing non-analyticity of the effective gauge field propaga-
tor at q = 0 the charge coupling does not receive renor-
malization corrections and therefore becomes an exactly
marginal coupling; βe2 = 0. The β function for y
2, on
the other hand, remains unaffected by the above consid-
eration.
We will also consider the β function of the charge for
the case that the U(1) gauge field propagates in the same
dimension as the fermions. In D = 3 + 1 −  and with
e2 → e2/(4pi2Λ) it is then given by
βe2 =
de2
d ln b
= e2 − 4
3
Ne4 . (12)
IV. FIXED POINT ANALYSIS
The set of the four β functions, i.e. βe2 , βλ, βy2 and
βg2 , features various fixed points, e.g., the Gaussian
(G) fixed point with e2∗ = y
2
∗ = g
2
∗ = λ∗ = 0 and
the purely bosonic Wilson-Fisher (WF) fixed point with
e2∗ = y
2
∗ = g
2
∗ = 0 , λ∗ = /5. In particular, we note that
the β function for the cubic coupling, Eq. (9), always has
the trivial fixed-point solution, g2∗ = 0, even if the other
couplings have non-vanishing fixed-point values. In case
g2 = 0, a finite value for g2 cannot be generated by the
RG flow as the Z3 symmetry of the model is replaced
by a larger U(1) symmetry, which is preserved under RG
transformations. Here, we will discuss exclusively the
Gross-Neveu-Yukawa fixed-points with g2∗ = 0 that gov-
ern the quantum critical behavior of the model.
A. Exactly marginal charge coupling
We consider first the scenario where the charge is ex-
actly marginal, and therefore can be taken as a fixed pa-
rameter of the model. The fixed-point equation for the
Yukawa coupling then reads
y2∗ =

N + 1
+
6e¯2
N + 1
(13)
where we have split the expression into a term with-
out the gauge-field coupling ∝  and a term exclusively
originating from a non-vanishing charge. Accordingly,
Eq. (10) for the four-boson coupling yields a fixed-point
value reading
λ∗ =
1−N +RN
10(N + 1)
+
6(SN −N)
5(N + 1)
e¯2 +O(2, e¯4) , (14)
to first order in  with RN =
√
1 + 38N +N2 and
SN =
√
N2 + 10N . Here, we have also expanded around
vanishing e¯2 as we consider the charge to be a small per-
turbation. We note that the limits e¯2 → 0 and  → 0
have to be taken with some care, as they do not com-
mute. We have chosen the order of limits in such a way
as to recover best the behavior for  ∈ [0, 1] and small
e¯2 . 0.12. In the limit e¯2 → 0 our results for y2∗ and
λ∗ exactly recover the fixed-point values of the neutral
model. The RG scaling related to the interaction param-
eters y2 and λ can be derived from diagonalization of the
corresponding block of the stability matrix
M =
(
∂βy2
∂y2
∂βλ
∂y2
∂βy2
∂λ
∂βλ
∂λ
)∣∣∣∣
e¯2,y2∗,λ∗,g2∗
, (15)
and we find the two negative eigenvalues
m1 = −− 6e¯2 , m2 = − RN
N + 1
− 12SN
N + 1
e¯2 . (16)
The RG scaling of the squared mass of the order pa-
rameter constitutes the first RG relevant direction of the
model and determines the inverse correlation length ex-
ponent at the fermionic fixed point. It is given by the
relation
θm2 = ν
−1 = 2−Ny2∗ − 2λ∗ . (17)
As the Yukawa coupling can become large for sizable
charge this can reduce considerably the value of the RG
scaling of the squared mass as compared to its canon-
ical value of 2. We note that θm2 remains positive for
e¯2 . 0.12 for all values of N and D ∈ [3, 4]. Therefore,
the bosonic mass parameter serves as a relevant RG di-
rection providing the tuning parameter for the quantum
phase transition.
51. RG scaling of the cubic coupling
The β function of g2 is proportional to g2 itself and
so the RG scaling due to the cubic term at g∗ = 0 is
given directly by the derivative of βg2 with respect to g
2
evaluated at the fermionic fixed point
θ =
∂βg2
∂g2
∣∣∣
e¯2,y2∗,λ∗,g2∗
. (18)
The phase transition to the Kekule´ VBS state can be ren-
dered continuous when θ becomes negative. We calculate
θ = θ(e¯2) to order ,
θ = 2 + (1− 3AN )− 18e¯2BN , (19)
where we have defined
AN =
1 + 4N +RN
5(N + 1)
, BN =
3N + 2SN
5(N + 1)
. (20)
The function AN is positive, and in particular, AN ≥ 1
for N ≥ 1/2. To the leading order, the expression in
Eq. (19) may become negative then with the increase of
, allowing the transition to become continuous.
The case e¯2 = 0, deserves special consideration: For
N < 1/2, we find AN < 1 and therefore θ(e¯
2 = 0) is
positive for any  ≤ 1. On the other hand, at N = 1/2,
we have θ(e¯2 = 0) = 2 − 2, rendering θ = 0 for  = 1.
Furthermore, at  = 1, we find that for N ≥ 1/2 the
exponent θ is negative. In the limit of large N , on the
other hand, θ(e2 = 0, N → ∞) = 2 − 2. Fig. 2 shows
that a negative θ(e2 = 0) generally requires quite a large
value of  for all values of N . For such large values of 
obviously it becomes questionable whether the conclusion
about the relevance of the cubic coupling based on the
leading order calculation is trustworthy.
For a finite charge one needs to include the function
B(N), which is always positive, with BN → 0 for N → 0.
We find BN=1 ≈ 0.96, BN=2 ≈ 1.05 and BN→∞ = 1,
for example. A finite charge e¯2 6= 0 therefore only
helps the tendency of rendering the cubic term irrele-
vant by gapless fermions. This is clearly exhibited in
Fig. 2 for several specific values of e¯2, where one sees how
the quantum critical region can be brought considerably
closer to the perturbatively accessible regime of small .
A special limit is given in the case N → ∞, where
AN→∞ = BN→∞ = 1. Here, for the choice e¯2 = 1/9,
we have θ = −2 and θm2 = 4/3− .
B. Two-loop analysis for N →∞ for e¯2 = 0
At two-loop order and at e¯2 = 0, the β function for the
cubic coupling squared is composed from its one-loop and
two-loop contributions, βg2 = β
(1-loop)
g2 + β
(2-loop)
g2 . In the
large-N limit, we can deduce the exponent θ at two-loop
order without accessing the full set of β functions with
all numerical coefficients at that order. Recall that the
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FIG. 2: Sign of the dimension of the cubic coupling as a func-
tion of the dimensionalityD and the number of fermion flavors
N in first-order  expansion with a fixed value of the charge
e2. The gray-shaded area shows the region in (D,N) space
where θ(e¯2 = 0) is negative, and the cubic term irrelevant.
Quite a large values for  are evidently needed in this case.
The behavior for finite values of e¯2 ∈ {1/100, 1/20, 1/10, 1/9}
is indicated by the red lines. To the left of these lines, we
have θ < 0 and the Kekule´ transition being continuous. Fi-
nite charge e¯2 substantially decreases the required value of 
that would render θ < 0.
fixed point value of g2∗ = 0 is protected by symmetry
to arbitrary order. Due to the vertex structure of the
model, all diagrams contributing to βg2 at two-loop order
are exactly cubic in the couplings y2, g2, λ, e.g., they are
porportional to (g2)3, (g2)2λ, (g2)(y2)λ, ... . However, no
diagrams that are of order (g2)0 appear, as these would
generate a finite g2 from g2 = 0.
Diagrams that are of orderO ((g2)2) and higher cannot
contribute to θ, cf. Eq. (18), as their contributions vanish
at the fixed point where g2∗ = 0. Therefore, the only two-
loop diagrams in βg2 from the class of cubic terms in
y2, g2, λ that can contribute to θ are the ones that are
linear in g2, i.e.,
∆β
(2-loop)
g2 = g
2
(
aλ2 + (b+ cN)λy2 + (d+ eN)y4
)
, (21)
with {a, b, c, d, e} ∈ R. Here, we have already intro-
duced the appropriate factors of N that can be deduced
from simple diagrammatic considerations, i.e. appearing
closed fermion loops in the two-loop diagrams, cf. Fig. 3.
The fixed point coordinates of the couplings λ, y2 to
g
y y
y y
y y
g
 
FIG. 3: Diagrams contributing to the two-loop β function of
the cubic coupling. Here, the dashed lines represent bosons
and the solid lines are fermions. The closed fermion loops
come with a factor N . We do not display two-loop diagrams
without N multiplicity.
6two-loop order are identical to the ones of the uncharged
chiral XY model without the cubic term44. The large-N
behavior of the fixed point coordinates can be inferred
from a canonical consideration of the two-loop contribu-
tions to the β functions of λ and y2,
∆β
(2-loop)
y2 = ayλ
2y2 + byλy
4 + (cy +Ndy)y
6 , (22)
∆β
(2-loop)
λ = aλλ
3 +Nbλλ
2y2 +Ncλλy
4 +Ndλy
6,
which add to the corresponding one-loop expressions.
Again, we have introduced the unspecified coefficients
ai, bi, ci ∈ R and appropriate factors of N . With these
structural two-loop expressions, the behavior of the order
2 term of the GNY fixed point values for y2 and λ is de-
termined to scale as y2∗(
2) ∼ 2/N2 and λ∗(2) ∼ 2/N2
for large N which is consistent with Ref. 44. Therefore,
together with the one-loop contributions to y2∗ and λ∗,
we find that the derivative of Eq. (21) w.r.t. g2 scales as
1/N and does not provide a non-trivial contribution to θ
in the limit N →∞.
The only potentially non-trivial term that is left to dis-
cuss at order 2 is the contribution from the term ∼ 3Ny2∗
in Eq. (9). This contribution, however, is also suppressed
at order 2 due to the scaling y2∗(
2) ∼ 2/N2, i.e.
θ(2-loop)(N →∞) = θ(1-loop)(N →∞) = 2− 2 . (23)
We conjecture this argument to perpetuate to higher loop
orders as the introduction of any closed fermion loop
coming with a factor N comes with two Yukawa vertices
and introduces another factor of y2∗ ∼ 1/N at the fixed
point, suggesting θ
(exact)
2 (N →∞) = 2− 2.
C. Gauge field in (4− ) dimensions
In this section, we study the case where the gauge
field propagates in the same number of dimensions as the
fermions and complex boson fields. Then, the β function
for the charge is given by Eq. (12) and charge parameter
e2 features a non-trivial fixed point,
e2∗ =
3
4N
 . (24)
Here, the charge corresponds to an RG irrelevant direc-
tion, as (∂βe2/∂e
2)|e2=e∗2 = −. We deduce the fixed-
point value of the Yukawa coupling, Eqs. (11) and (24),
y2∗ =
1 + 6(e2∗/)
N + 1
 =
(
1 +
9
2N
)

N + 1
, (25)
which then allows to calculate the fixed-point value of
the quartic coupling
λ∗ =
CN − 8−N
10(1 +N)
 , (26)
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FIG. 4: Sign of the critical exponent resulting from the pres-
ence of the cubic coupling as a function of the dimensional-
ity D and the number of fermion flavors Nf in first-order 
expansion. The gray-shaded areas show the regions, where
θ2 < 0. The two shadings distinguish the situations, where
the coupling to the gauge field vanishes e = 0 (darker gray)
and where it is at its own fixed point e = e∗ (lighter gray).
Red red dotted line shows Eq. (28).
where CN =
√
N2 + 56N + 424 + 810/N and λ∗ > 0 for
all N . For large N , λ∗ vanishes like λ∗ ∼ 2/N . The RG
scaling related to the interaction parameters y2 and λ
can be derived from the stability matrix block, Eq. (15),
where e¯2 is replaced by e2∗. This provides the eigenvalues
m1 = −(1 + 9/(2N)) and m2 = −CN/(1 + N) which
are negative for all N .
Accordingly, the RG scaling of the cubic term is given
by
θ =
∂βg2
∂g2
∣∣∣
e2∗,y2∗,λ∗,g2∗
= 2− 77 + 14N + 6CN
10(1 +N)
 . (27)
In Fig. 4, the region where θ becomes negative in this
scenario, is indicated by the shaded region which is sep-
arated by the dashed line from the region where θ > 0.
As two interesting numerical examples, we explicitly note
that θ(N = 2, ) becomes negative for  & 0.21 or
D ≈ 3.79 and θ(N = 1, ) for  ≈ 0.13 or D = 3.87.
In the limit of large N , we again find θ(N → ∞) →
2− 2, so a sign change of θ requires a rather large value
for . In contrast, for small N we can simplify Eq. (27)
and calculate the critical number Nc for a given  where
θ becomes negative,
θ ≈ 2− 27
5
√
10
N
 = 0⇒ Nc ≈ 729
10
2 . (28)
For small N the position where θ changes sign, converges
to N → 0 as D approaches 4, see the red dotted line in
Fig. 4. This limit, however, has to be considered with
some care, as for a given  the fixed point values can
grow large when N decreases. Therefore, the position
7where the sign change appears, e.g., in terms of dimen-
sionality D, can be associated with large interaction pa-
rameters. On the other hand, for all physically relevant
N , i.e. N ∈ {1/2, 1, 2, ...} the fixed point values of all
couplings remain of order O(1) in units of .
V. SUMMARY & CONCLUSIONS
We studied the quantum phase transition of U(1)
charged Dirac fermions coupled to a Kekule´ order pa-
rameter with Z3 symmetry. In 4 −  dimensions, the
canonically relevant cubic term, which is allowed by the
symmetry, can be rendered irrelevant through quantum
fluctuations. When the charge coupling vanishes this
occurs only for large values of . A finite charge cou-
pling, however, can support strongly the scenario where
the renormalization group direction corresponding to the
cubic coupling is rendered irrelevant. In this case, the
system gives rise to quantum critical behavior. We have
investigated two scenarios:
(1) The charge is an exactly marginal coupling, as the
gauge field propagates in four spacetime dimensions. In
that case, the value of the charge parameter e¯2 may be
chosen freely, to control the position of the boundary
where the critical exponent, determining the relevance of
the cubic term, changes sign. Small values of the charge,
e¯2 . 1/10, move this boundary from being close to three
dimensions to being very close to four (space-time) di-
mensions, bringing it under perturbative control.
(2) The charge coupling features a non-trivial fixed
point value, when the gauge field propagates in the same
4 −  dimensions as the matter fields. Here, the pres-
ence of a finite charge fixed-point coupling also strongly
supports the emerging irrelevance of the cubic term at
smaller values of . For a small number of fermion flavors,
the boundary where the coupling is rendered irrelevant
moves close to four dimensions, however, at the cost of
the prefactors of the ∼  fixed point values growing large.
Furthermore, we have carefully discussed the limit of
a large number of Dirac fermion flavors in the case of
vanishing charge, as well as for finite charge in the sce-
nario (2). In this limit, the cubic coupling always pro-
vides a renormalization group relevant direction unless
 > 1, which is again beyond the domain of validity
of this approach. Finally, for vanishing charge we have
shown that this statement also holds at two-loop order,
and provided an argument that suggests that this con-
clusion continues to hold at arbitrary order in the loop
expansion.
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